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gravity-turn solution from low-velocity terminal descent to com-
plete descent from a low parking orbit. Although the solution to the
modified gravity-turn problem can be obtained exactly as a special
function, a first-order correction to the classical gravity-turn solu-
tion can extend its validity to a larger range of descent velocities.
The availability of the descent vehicle velocity as a function of the
velocity pitch angle could, in principle, be used to reduce the com-
putationalburdenon real-time guidance algorithms for future lander
missions.
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Riccati Dichotomic Basis Method
for Solving Hypersensitive Optimal
Control Problems
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Introduction

ANY optimal control problems and their associated Hamil-
tonian boundary-valueproblems (HBVPs) that arise from the
first-order optimality conditions are hypersensitive. =3 An optimal
control problem is hypersensitive if the time interval of interest is
longrelative to the rate of expansionand contraction of the Hamilto-
niandynamicsin certaindirectionsin a neighborhoodof the optimal
solution. Hypersensitive HBVPs are a challenge to solve numeri-
cally because they suffer fromill-conditioningas a result of extreme
sensitivity to unknown boundary conditions. When the rates are fast
in all directions, the HBVP and the optimal control problem are
called completely hypersensitive; when the rates are fast only in
certain some directions, the HBVP and the optimal control problem
are called partially hypersensitive. In this Note we are interested in
completely hypersensitive HBVPs.
The solution to a completely hypersensitive HBVP can be ap-
proximated by concatenating an initial boundary-layersegment, an
equilibrium segment, and a terminal boundary-layer segment.' =3
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The initial boundary-layer segment has no unstable component in
forward time, whereas the terminal boundary-layersegment has no
unstable component in backward time. This three-segmentapprox-
imation improves as the time interval of interest increases.

Recently, a new approach has been developed to solving
completely hypersensitive nonlinear HBVPs arising in optimal
control.!'=3 This method is inspired by the computational singu-
lar perturbation methodology for stiff initial-value problems*?
The method uses a dichotomic basis to decompose the nonlinear
Hamiltonian vector field into its contracting and expanding compo-
nents, thus allowing the missing conditions required to specify the
initial and terminal boundary-layersegments to be determined from
partial equilibriumconditions. The key feature of the method s that,
by using a dichotomic basis, the unstable (expanding) component
of the Hamiltonian vector field can be eliminated, thereby remov-
ing the hypersensitivity. The solution of the initial boundary-layer
segment is then found by integrating the stable component of the
Hamiltonian vector field forward in time. Similarly, the solution of
the terminal boundary-layersegment is found by integrating the un-
stable componentof the Hamiltonian vector field backward in time.

In previous work on hypersensitive optimal control problems,
the properties of a dichotomic basis were described, but no such
basis had actually been found. Consequently, it was necessary to
determine a solution to a completely hypersensitive HBVP using
an approximate dichotomic basis. Although this method has shown
some success, it can potentially fail because a sufficiently good
approximate dichotomic basis can be difficult to determine. The
major advancements of this research over previous work in the
area of completely hypersensitiveoptimal control' =3 are as follows:
1) the derivation of a dichotomic basis along the solution of a com-
pletely hypersensitiveHBVP in the initial boundary layer and 2) the
development of a successive approximation procedure to compute
this dichotomic basis and the initial boundary-layer solution. The
dichotomic basis described in this Note is found by solving a Ric-
cati differential equation. The need for a successive approximation
procedure arises because the solution in the initial boundary layer
is not known a priori. The successive approximation procedure is
illustrated on a problem in supersonic aircraft flight, and its range
of applicability is assessed.

Hamiltonian Boundary-Value Problem
In this Note we are interested in the following class of optimal
control problems. Find the piecewise continuous control u(t) € R”
ont € [0, t7] that minimizes the scalar cost functional

ty
J =/ L[x, u]dz (1)
0
subject to the differential constraint
x = f(x,u) 2
and boundary conditions
x(0) = x, x(ty) = xy (3)

where x(¢) e R" is the state.

The first-order necessary conditions for optimality lead to a
HBVP for the extremal trajectories. The HBVP is composed of
the Hamiltonian differential equations

. [ow7" AT : oH" "
x‘[ax}_[H*]’ = [ax}
where A(t) e R" is the adjoint and H*(x,A) = L[x, u*(x, )]+
AT flx,u*(x, A)] is the Hamiltonian evaluated at the optimal con-
trol u*(x,A) =argmin, H(x, A, u). Points p=(x,A) lie in the
2n-dimensional Hamiltonian phase space or, more simply, the phase
space. Because J and f (x, u) do not depend explicitly on time, H*
is constant along trajectories of Eq. (4). We use p=G(p) as an
alternate expression for the Hamiltoniansystem in Eq. (4) and refer
to G(p) as the Hamiltonian vector field, where G (p) is assumed to

be continuously differentiable.

] @
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Completely Hypersensitive HBVP

Boundary-Layer Structure

For sufficiently large values of 7, the HBVP of Eq. (4) becomes
completely hypersensitive. A detailed description of the structure
of a completely hypersensitive HBVP has been described in Refs. 1
and 2 and is not repeated here. The key feature of a completely
hypersensitive HBVP is that the optimal solution can be accurately
approximated by the following three-segment trajectory:

Ds (1) 0=<1t =<ty
pty=3p L <t < tp—ty
pu(t) tf_tfblftftf (5)

where f,; and #,; denote the durations of the initial and terminal
boundary-layer segments, respectively, and p is a saddle point® in
the phase space. The segment defined by p;(¢) is the solution of
Eq. (4) with initial condition p,(0) = (x¢, A¢) and Ay is chosen so
that p,(0) lies in the stable manifold of p (Ref. 6). Similarly, the
segmentdefined by p, (¢) is the solutionof Eq. (4) with terminal con-
dition p,(t;) = (x;, A ), where p,(¢) lies in the unstable manifold
of p. Consequently, the composite approximation is constructed
by concatenating an initial boundary-layer segment on the stable
manifold, an equilibrium segment, and a terminal boundary-layer
segment that lies in the unstable manifold. The durations of the
initial and terminal boundary-layer segments f, and 7 — fr,; must
be long enough to allow the boundary-layer segments to reach the
equilibrium to sufficient accuracy in forward and backward time,
respectively. Let € denote the accuracy tolerance, and let p*(t) be
the optimal trajectory of Eq. (4). Define the approximationerror e by

e= sup [|p(t) —p Dl (6)
1e0,if]

If e < ¢, then the trajectory p(¢) is a candidate approximation to
P ().

Solution Structure in Boundary Layers

Two pieces of informationcanbe deduced from the three-segment
approximationof Eq. (5). First, the structure of the approximate so-
lutionin the initial and terminal boundarylayeris the same; only the
direction of time is different. Second, because the middle segment
of the approximate solution is constant, it can be solved for alge-
braically. From these two observationsit can be seen that in order
to find a solution that satisfies the three-segment approximation of
Eq. (5) itis sufficient to develop a method to find a solution in either
the initial or terminal boundary layer. For simplicity in the remain-
ing discussion, we focus our attention on developing a method to
find a solution in the initial boundary layer.

Dichotomic Basis Method

Dichotomic Basis

Restricting attention to completely hypersensitive HBVPs, at
each point in the 2n-dimensional phase space along the optimal
trajectory p* there is an n-dimensional contracting subspace and
an n-dimensional expanding subspace. Consequently, a neighbor-
ing optimal trajectory that begins in the contracting subspace will
approach p* in forward time while a neighboring optimal trajectory
thatbeginsin the expandingsubspacewill approach p* in backward
time. Assume that this property holds in a neighborhood N C R**
of p* and that the approximate three-segment trajectory of Eq. (5)
lies in N. Let the columns of D(p) € R*"**" form a continuously
differentiable basis for R?". Then G(p) can be written in terms of
D(p) as

G(p) = D(p)v (M

where v € R* are the components of G(p) in the basis D(p). For
now let p(t) be any trajectory that satisfies the differential equation

p=G(p) (3)
Differentiatingalong p(¢), we have

b =(D'JD - D 'Dyv = Av 9)
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where J =0dG/dp is the Jacobian of G(p). It can be seen that,
along a trajectory p(t) of Eq. (8), Eq. (9) is a linear time-varying
differential equation. This last fact will be important for the later
discussion. For any trajectory p(f) that lies in N, columns of the
matrix D (p) formadichotomicbasisif the following two properties
are satisfied:

Property 1:

For each p € N, A(p) has the block-triangularform

A(p) Aml(p)} (10)

A(p)z[ 0 Ap)

where A (p) eR"™", A, (p) eR"*" and A (p) eR"™".

Property 2:

Along any segment p(t), t € [t;, t;] of a trajectory p(t), of G(p)
lyingin N, the transitionmatrices ®/ (¢, 0) and ®/ (¢, 0) correspond-
ing to A, and A, respectively, defined such that ®7 (0, 0) = I and
®7(0,0) =1, satisfy the inequalities

[erc.0[er@. 0] < kil DIEIID pOe
t2 2 t 2 g > tl

[ ez 0[e6.0]" | < KD IID (p@) e
tl §t§(r <t2 (11)

where K| > 0 and « > 0 are positive scalars that can vary along N
(see Ref. 1). Properties 1 and 2 ensure that ®! contracts vectors
exponentially in forward time, whereas ®/ contracts vectors ex-
ponentially in backward time. Because the boundary layers of the
three-segment approximation of Eq. (5) are finite, it is important
that the exponential bounds be tight at t = 0. See Refs. 1 and 2 for
further details.

Riccati Dichotomic Basis in Initial Boundary Layer

Let t =1, be large enough so that the three-segmentapproxima-
tion p(¢) lies within a prespecified tolerance € [as defined in Eq. (6)]
of the optimal trajectory p*(¢) of the HBVP of Eq. (4). Furthermore,
let p,(t) = [x,(t), A, (1)] be the segment of p(¢) in the initial bound-
ary layer. Consequently, p,(¢) lies in the stable manifold of p and
is a solution to the following HBVP:

X HT =
1 O it BT
A —H! X(tip) = X

Let the Hamiltonian vector field of Eq. (12) be decomposed as

HI 7 _[1 0] 3
—H'] [P I]|h (13)

where P = P[p,(t)] € R"*". Differentiating along p,(¢), we have

H)Lx H)L)L I O h.;

_Hxx T Lx) P 1 hu
[0 o[ I 0][h "
B P 0 hu * P 1 I:lu ( )

Combining like terms, we obtain

1 0][ A _ H,, + H;, P H;, hy (15)
P I I:lu B _P - Hxx - Hx)LP _Hx)L hu

Noting that
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we obtain
hs
I:llt
H)Lx + H)L)LP H)L)L
~ |-P-PH,~H,P~PH,P~H, —H,-PH,

hy 16
X h, (16)

It can be seen from Eq. (16) that £, is decoupled from &, when P
satisfies the following Riccati differential equation:

P=—-PH,— H,P— PH,,P—H,_ (17)

Equation (16) then simplifies to

hy _ H,, + H,, P H;, h 18)
% il T 7 | D B

Consequently,if Eq. (17) is satisfied it follows that property 1 of the
preceding section is satisfied along p, ().

Now let ®,(¢,0) and ®,(¢,0) be the transition matrices of
Ay;=H,,+H,P and A,=—H,, — PH,,, respectively, along
s (t). The matrices @, (¢, 0) and ®, (¢, 0) satisfy the properties

®,(t, 0)[®,(0, 0] = ®,(t, 0)
@, (t, 0[P, (0, 0] = D, (1, 0) (19)

From the structure of Eq. (18), it can be seen that A, = —AJ_T. Fur-
thermore, because p,(¢) lies in the stable manifold of p we have
P[ps(tp)]1= P, where P satisfies the following Riccati algebraic
equation:

—PH;, — Hi;P — PH;;P — Hy; =0 (20)

Therestrictionon p; (¢) togetherwith the factthat P satisfies Eq. (17)
with the boundary condition of Eq. (20) lead to the fact that ®, (¢, 0)
contracts vectors in forward time while @, (¢, 0) expands vectorsin
forward time. Consequently, along p;(?) there exist scalars K and
o such that property 2 holds. Therefore, when P satisfies Eq. (17)
together with the boundary condition of Eq. (20) the columns of the

matriX
21

form a dichotomicbasis along the segment p,(¢) defined in Eq. (5).

Riccati Dichotomic Basis Method

Suppose for now that the solution of the Riccati differentialequa-
tion P (¢) along the solution of Eq. (12) is known. Because p;(¢) lies
in the stable manifold of (x,1), the following condition must hold
along p;(1):

0=t <t (22)
In particular, at = 0 we must have
h,(0) =0 (23)

Using Eq. (13), the conditions of Eq. (23) are equivalent to the
system of algebraic equations:

[-P© dLZ}:o (24)

Equation (24)is a systemof n algebraicequationsand can be solved
for the initial adjoint A(0). Once A(0) has been determined, Eq. (13)
can be used to solve for %, (0) via

hy(0) = hy = H; (xo, Ao) (25)
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Setting A(0) = Ao, the solutionin the initial boundary layer can then
be found by integrating the following system of differential equa-
tions from ¢t =0 to ¢ = t, using the initial condition (xg, Ag, f40):

1
= P hy (26)
hy Hy, + Hu P

However, P is not known a priori; the solution p;(#) must be com-
puted by successive approximation. This successive approximation
procedureis given in the following algorithm:

Algorithm 1: This is the solution in initial boundary layer.

Set a convergence level § and a matching tolerance €.

1) Choose t;,;.

2) Choose an initial guess P(t) for the solution of the Riccati
differential equation of Eq. (17), and use P (¢) to form the basis of
Eq. (21) for the HBVP of Eq. (12). Furthermore, choose P () so
that P (#y,) = P, where P satisfies Eq. (20).

3) Generate the missing initial conditions A(0) =X, and
h,(0) = hyo using Egs. (24) and (25), respectively.

4) Using P(t) and the initial conditions (x(, Ag, /50), integrate the
following system of equations fromt =0to t =¢,:

I
= P h 27
f.l,,- H;, + H;,; P

5) Using the terminal condition (X, X, P) and A, (¢) from step 2,
integrate the following system of differential equations fromt =1,
totr=0:

X 1 .
= h,, P=-PH, —H,P— PH,P— H,,
HERAL R—

(28)

6) Using P(tr) from step 3, repeat steps 1-3 until
I0x (B1)s A E)T® — [x (B, AG)]1% DIl < 8, where & is the kth
iterate of step 2. If ||[x (1), A(fi) 1% — (%, L) || < &, then stop. Oth-
erwise, start again at step 1 with a larger value of #,.

Initialization

As with any successive approximation procedure, the conver-
gence of algorithm 1 is predicated on a sufficiently good initial
guess. To date, algorithm 1 has been tested on several examples.
For these examples it has been found that the solution of the Riccati
algebraic equation at the equilibrium point P has been a good ini-
tial guess for use in algorithm 1. However, it has not been shown
mathematically that the algorithm will always converge with P as
an initial guess. For problems where algorithm 1 does not converge
with P as an initial guesses, other initialization techniques must be
explored. Such an investigationis beyond the scope of this Note.

Application of Method to Performance Optimization
of Supersonic Aircraft

The Riccati dichotomic basis method of algorithm 1 is now ap-
plied to a problem in performance optimization of supersonic air-
craft. Consider an aircraft flying in the vertical plane over a flat
Earth. The longitudinal equations of motion are given as’

E= (V/mg)(T — D), eh=V siny

ey =(g/V)(n —cosy) (29)

where m is the vehicle mass, g is the accelerationcaused by gravity,
E is the energy altitude, & is the vehicle altitude, y is the flight-path
angle, V =./[2¢(E — h)] is the speed, T =T (V, h) is the thrust,
D = D(V, h) is the drag, n is the load factor (i.e., the vertical com-
ponent of lift), and € is an artificial parameter that identifies the
timescale separation. A complete description of the aerodynamics
and thrust models is given in Ref. 7.
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Optimal Control Problem

It is desired to steer the vehicle from an initial state
[E(0) h(0) y(0)] to a terminal state [E(¢;) h(t;) y(t;)] while
minimizing the time given by the cost functional

tf
J=/ dr (30)
0

The Hamiltonian is given as
H=1+xE+rh+2,y (31)

The corresponding adjoint equations are given as

Ap=—H},  ey=-H, e, =—H (32
where H* is the Hamiltonian evaluated at the optimal control n*
(see Ref. 7 for details). The resulting HBVP consists of the differ-
ential equations of Eq. (29) and Eq. (32) together with the boundary
conditions
E(0) = E,, E(t;) = E;,

y(0) = yo, y(ts) =yy (33)

Reduction of Order in the Left Boundary Layer

For an initial condition where V /a ~ 1 (where a is the local speed
of sound) and terminal conditions where V /a > 1, the HBVP of
Egs. (32) and Eq. (33) becomes hypersensitive,"> and the optimal
trajectory is composed of a fast initial boundary-layer segment, a
slow middle segment, and a fast terminal boundary-layersegment.
Denoting the fast timescale by T =1t /¢€, the dynamics can be written
in terms of 7 as

E' =e(V/mg)(T — D), h = Vsiny
y = (g/V)(n* —cosy), Ap = —€Hj
My=—Hf, ) =-H (34)

where (-)" denotes differentiation with respect to 7.

Completely Hypersensitive HBVP

The solutions in the initial and terminal boundary layers have
the same structure except that the directions of time are opposite.
Consequently, it is sufficient to focus on the solution in the initial
boundary layer. The zeroth-order approximation to the optimal tra-
jectory in the initial boundary layer can be obtained by settinge =0
(see Ref. 8). The reduced-order HBVP on the fast timescale then
becomes completely hypersensitiveand consists of the Hamiltonian
differential equations

h' = Vsiny, y' ' =(g/V)(n* —cosy)

A, = —H], A, =—H; (35)
together with the boundary conditions

h(t = 0) = hy, h(ti) = h

y(t =0) =y, y(@o) =y =0 (36)

where Ty is the end of the initial boundary-layer segment. The
values of E = E (0) = constant and A; = Az (0) = constant, &, and
y correspond to an equilibrium condition at the end of the initial
boundary layer to zeroth order on the fast timescale and are found
using the method of matched asymptotic expansions as described
in Ref. 8.
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Application of Riccati Dichotomic Basis Method

Algorithm 1 is now applied to the HBVP of Egs. (35) and (36).
Typical values for E and Az are E = 14,700 m and A = —0.00667,
respectively. A typical initial condition for this problem is

h(t = 0) = 10,668 m, y(t =0) =0.234rad (37)

The saddle point for this example is given as

I =7865m, 7 = Orad, A=0m

%, = —1.335313969 (38)

Finally, the parameters 8, €, and 1y, (required for algorithm 1) are
taken as 107, 1073, and 125 s, respectively.

The results for 2 and y are shown in Figs. 1 and 2, respectively
(iteration 10 is the converged solution). Similar results are obtained
for A, and A,,, but are notshown. In additionto convergence,one key
feature of the method is illustrated by the numericalresults. It is seen
thateach of the solutioniterates levels off as T — t,. Consequently,
on the time interval t € [0, t,;] has been eliminated. The success
of the method on a relatively complex single timescale problem
suggests that the dichotomic basis method might be extendable to
more complex problems,includingproblemsthatevolve on multiple
timescales.

Discussion of Method

One needs some a priori knowledge that an optimal control
problem is completely hypersensitive before the dichotomic basis
method shouldbe applied. This knowledge can come from a solution
obtained by a direct method. If the solution has the characteristic
takeoff, cruise, landing structure, then the dichotomic basis method
is applicable. Also, the particularsaddle point thatis influencing the
nature of the solution can be identified. Completely hypersensitive
HBVPs caninvolve multiple saddle points and (hetero-clinic)orbits
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that connect them. The solution from a direct method can be used
to identify such structure, and the approach considered in this Note
can be adapted to handle it.

A motivating reason for using the Riccati dichotomic basis
method is to gain insight into the phase space structure in the
neighborhood of the optimal solution. Previously, an approximate
dichotomic basis method was developed to solve completely hy-
persensitive HBVPs? and has been shown to work successfully on
problems of moderate complexity.> The major disadvantage of the
approximate dichotomic basis method is that it does not produce
direct information about the exact directions of expanding and con-
tracting behaviorin the tangent space of the optimal trajectory. This
deficiency is overcome by the Riccati dichotomic basis method de-
scribed here. Not only does the Riccati dichotomic basis method
produce a solution to the HBVP, but it also produces the solution to
the Riccati differential equations from which the dichotomic basis
can be constructed with no further computation. The dichotomic
basis provides useful information about the conditions satisfied by
points on the stable and unstable manifolds.

Finally,itis importantto distinguishthe successiveapproximation
procedures developed here from the well-known backward sweep
method presented in Ref. 9, which also solves a Riccati differen-
tial equation. The basic difference between the two methods is that
the method of Ref. 9 makes no attempt to eliminate the hyper-
sensitivity, whereas the key feature of the current method is that
the hypersensitivityis eliminated over the time interval of interest.
Consequently, for problems with relatively long durations in the
boundary layers the method of Ref. 9 will be less likely to succeed
than will the method developed in this Note.

Conclusions

A Riccati dichotomic basis has been constructed in the initial
boundary-layer segments along the solution of completely hyper-
sensitive HBVPs arising in optimal control. The structure of this
basis has led to the development of a successive approximation
procedure to find the solution in the initial boundary layer. The suc-
cessive approximation procedure was illustrated on a problem in
supersonic aircraft flight, and its range of applicability was briefly
discussed.
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Introduction

N the active noise and vibration control field, as well as the field

of flexible structures, it is common to require an estimation tech-
nique for predicting the appropriate system response where it is
either physically impossible or undesirable to place an actual error
sensor.'~* To resolve this virtual sensing estimation problem, es-
pecially for systems subjected to nonstationary tonal disturbances,
Tran and Southward® proposed using a hybrid adaptive feedforward
observer. This technique is a dynamic closed-loop transformation
that estimates the system states using the sensor responses and a
dynamic system model. Similar to other observer designs, the sep-
aration principle between the controller and the hybrid observer is
confirmed.

The hybrid adaptive feedforward observer consists of two com-
ponents. A conventional feedback component is used to stabilize
the closed-loop observer, as well as to speed up the convergence
process. In addition, it provides extra design freedom to minimize
the effects of process and sensor noise. An adaptive feedforward
componentis used to track the unknown mapping of the nonstation-
ary tonal disturbance onto the observer states. The adaptation was
achievedusing a least-mean-squares(LMS)-based gradientdescent
method.

In this Note, the stability and convergence of the hybrid observer
is analyzed for the first time. It was proven that, in this design, the
nonautonomous overall system dynamics indeed contains linear-
time-invariant (LTI) eigenvalues. The analytical result on stability
was demonstrated using a one-dimensionalacoustic duct.

Problem Formulation

Consider a plant or dynamic system with a vector of outputs
y obtained as the measured response from sensors, as shown in
Fig. 1. A vector of unknown external disturbances w excites the
plant as well as a vector of control inputs . No a priori knowledge
of how the disturbance w actually affects the internal states of the
plant is assumed; however, a feedforward reference signal, which
is correlated to the disturbance in w, is assumed to be available as
indicated by the dotted line in the left half of Fig. 1.

The plantis represented in state-space notation with the mapping
of the unknown external disturbance explicitly shown in the state
equation as

x=Ax +Bu+w, y=Cx+Du (1
Provided that the state-space model (A, C) is completely obser-
vable,® we first design a conventional observer to estimate the sys-

tem states, assuming no disturbance input, that is, w = 0. The con-
ventional observer is then augmented with an adaptive feedforward
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